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I. INTRODUCTION
Under the long wavelength limit, the correspondence between the bulk gravity and the
fluid living on the horizon was firstly discovered by Damour[1]. He investigated the surface
effects in black hole physics and disclosed the similarity of the behavior of the excitations
of a black hole horizon to those of a fluid. After a series of studies, the fluid/gravity
correspondence was extended to the boundary at infinity in the context of AdS/CFT
correspondence[2–17]. Traditionally, this correspondence was constructed by directly dis-
turbing the bulk metric under the regularity condition of the horizon. It was shown that
in a long wavelength limit, the remaining dynamics on the boundary is governed by the
incompressible Navier-Stokes equation[18–21].
In [24], Lysov and Strominger firstly studied the fluid/gravity correspondence by imposing
the Petrov-like condition on the cutoff surface in the near horizon limit and found that the
constraint equations for gravity can give rise to the incompressible Navier-Stokes equation
for a fluid living on a flat spacetime with less one dimensions. In this sense the Petrov-like
condition is of a holographic nature. Later, this framework was generalized to describe a
dual fluid living on a cutoff surface that is spatially curved in [26]. In this case the Navier-
Stokes equation receives contributions from the curvature of the hypersurface. In [27], the
holographic nature of the Petrov-like condition was further disclosed in a spacetime with
a cosmological constant. Based on all the work above, it is reasonable to conjecture that
in the approach of fluid/gravity duality, imposing the Petrov-like condition on the cutoff
surface is equivalent to imposing the regularity condition on the future horizon at least in
the near horizon limit. However, technically, imposing Petrov-like condition is much simpler
than imposing the regularity condition.
In this paper, we will generalize this framework further to a spacetime with matter fields.
In general, the presence of matter fields in a system involves more degrees of freedom.
Therefore, the key issue that we need to solve is what kind of boundary condition should be
imposed for matter fields on the cutoff surface such that the remaining degrees of freedom
on the surface can lead to a right correspondence between the fluid and gravity. We will
take the electromagnetic field as an example and investigate how to constrain its degrees
of freedom so that the remaining degrees of freedom of the Einstein-Maxwell fields exactly
matches those of a charged fluid[22, 23]. Under this framework, we explicitly show that
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the (magneto)hydrodynamics of the dual charged fluid is governed by the incompressible
Navier-Stokes equations, where an external force will arise if a background electromagnetic
field exists on the cutoff surface.
We organize the paper as follows. In section II, we firstly construct the general framework
for imposing Petrov-like condition on the cutoff surface with matter fields, and then propose
a boundary condition for the electromagnetic field on the cutoff in detail. In section III, we
apply the framework to the charged AdSp+2 black brane and then derive the incompressible
Navier-Stokes equation on a flat hypersurface in the near horizon limit. In section IV,
we consider a spacetime with Reissner-Nordstrom-AdS (RN-AdS) background in which the
embedded hypersurface is intrinsically curved. In section V, the magnetic black hole is
considered. We find an external force will arise due to the existence of the background
electromagnetic field on the hypersurface. Our main results and conclusions are summarized
in Section VI. In appendix A, we present a detailed calculation on the perturbations of the
electromagnetic field. Appendix B is on the specific forms of the Hamiltonian constraint in
the background of charged AdS black brane and RN-AdS spacetime, respectively.
II. THE GENERAL FRAMEWORK FOR A SPACETIME WITH MATTER
FIELDS
We construct the general framework for imposing the Petrov-like condition on the cutoff
surface in the presence of matter. Our general setup is following. Firstly, we require that the
dynamics of the p+2 dimensional bulk spacetime is subject to the standard Einstein equation
with matter. Secondly, the background contains a Killing horizon. Then given an embedded
hypersurface which has a finite distance from the horizon, we consider the perturbations of
the extrinsic curvature as well as the matter fields on the cutoff surface under appropriate
boundary conditions. In this section we will consider the boundary condition for gravity at
first, and then for Maxwell field later.
For the gravity part such a boundary condition is proposed to be the Petrov-like condition.
It should be noticed that the Petrov conditions in its original form are proposed to classify
the geometry of the whole spacetime such that it can be defined at each point in the bulk
spacetime. For our purpose we only specify this condition on the cutoff surface, therefore
the first thing we need to do is decomposing the p + 2 dimensional Weyl tensor appearing
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in Petrov-like conditions in terms of the p + 1-dimensional quantities, which includes the
intrinsic curvature and extrinsic curvature of the hypersurface as well as the induced metric
on it.
Consider a p+2 dimensional spacetime with bulk metric gµν which satisfies the Einstein
equation with matter
Gµν = Rµν − R
2
gµν = −Λgµν − Tµν , (µ, ν = 0, ...p+ 1). (1)
Here Λ is a cosmological constant, and Tµν is the energy-momentum tensor of matter fields.
Now we embed a timelike hypersurface Σc with induced metric hab into this spacetime.
The momentum constraints on Σc then could be written as
DaK
a
b −DbK = −Tµbnµ, (a, b = 0, ...p), (2)
where Kab is the extrinsic curvature of Σc and the covariant derivative operator D is com-
patible with the induced metric, namely Dahbc = 0. Besides, the Hamiltonian constraint on
Σc has the form
p+1R +KµνKµν −K2 = 2Λ + 2Tµνnµnν .
These constraints give p+2 equations of Kab. Next we decompose the p+2 dimensional
Weyl tensor in terms of the intrinsic curvature and extrinsic curvature of the hypersurface.It
turns out that the results are
Cµνσρ = Rµνσρ − 4 (Λ + T )
p(p+ 1)
gµ[σgρ]ν +
2
p
(gµ[σTρ]ν − gν[σTρ]µ), (3)
Cabcd =
p+1Rabcd −KacKbd +KadKbc − 4(Λ + T )
p(p+ 1)
ha[chd]b
+
2
p
hαah
β
b h
γ
ch
δ
d(gα[γTδ]β − gβ[γTδ]α), (4)
Cabc(n) = DaKbc −DbKac + 2
p
hαah
β
b h
γ
c (gα[γTδ]β − gβ[γTδ]α)nδ, (5)
Ca(n)b(n) = − p+1Rab +KKab −KacKcb + hαahγbRαγ −
2 (Λ + T )
p(p+ 1)
hab
+
2
p
hαah
γ
b (gα[γTδ]β − gβ[γTδ]α)nβnδ. (6)
Here nµ is the unit normal vector of Σc and Cabc(n) = Cabcµn
µ, Ca(n)b(n) = Caµbνn
µnν , T = T µµ.
The Petrov-like conditions is defined as
C(l)i(l)j = l
µmνi lσm
ρ
jCµνσρ = 0 (7)
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on the hypersurface Σc. Here the p+2 Newman-Penrose-like vector fields should satisfy the
relations
l2 = k2 = 0, (k, l) = 1, (k,mi) = (l, mi) = 0, (m
i, mj) = δ
i
j . (8)
Furthermore, if we introduce the Brown-York tensor on the hypersurface which is defined
as
tab = Khab −Kab, (9)
then with equations (4)-(6), the Petrov-like conditions (7) can be expressed in terms of the
Brown-York tensor. When the induce metric and the intrinsic curvature are fixed for the
cutoff surface, we find that the only dynamical variables for gravity are the Brown-York
tensor.
In the absence of matter fields, the Petrov-like condition on Σc gives
p(p+1)
2
− 1 equations
of the Weyl tensor. It reduces the (p+2)(p+1)
2
components of the extrinsic curvature Kab to
p + 2 unconstrained variables, and so is the Brown-York tensor, which may be interpreted
as the energy density, velocity field vi and pressure P of a fluid living on the hypersurface.
The p+ 2 momentum and Hamiltonian constraints on Σc then become an equation of state
and evolution for the fluid variables. However, without any further expansion in the fluid
described here has rather exotic dynamical equations[24]. In the following section, we will
do this expansion around a large mean curvature limit and get the familiar hydrodynamical
equation in the near horizon limit.
In the presence of matter fields, obviously we need further impose appropriate boundary
conditions for matter field to constrain the degrees of freedom of matter on the surface such
that the total remaining degrees of freedom is what we need for a fluid living on the surface.
In general, such boundary conditions depends on the content of matter fields as well as the
property of the dual fluid. Obviously, a better understanding for Strominger’s boundary
condition should be of benefit to find boundary condition for matter field. Now let’s recon-
sider Strominger’s Petrov like boundary condition. For the gravity/fliud correspondence,
the bulk is a p+2 dim manifold which contains horizon and a time-like boundary[17]. For
vacuum case, such system can be controlled by the initial-boundary value problem(IBVP)
method[25]. Based on the work by Friedrich and Nagy, it is easy to see that Strominger’s
boundary condition is closed related with free boundary data of IBVP. In other words, we
can say Strominger’s boundary condition is coming from the free boundary data of IBVP
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of vacuum Einstein system. This observation gives us a guideline for searching a suitable
boundary condition for matter field. In this paper we intend to take the electromagnetic field
as an example and propose a boundary condition which is very analogous to the Petrov-like
condition for gravity. Specifically, the energy-momentum tensor of the electromagnetic field
is given by
Tµν =
1
4
gµνFρσF
ρσ − FµρF ρν . (10)
Based on the result of IBVP of Maxwell field[25] , we propose the boundary condition
for the Maxwell field to be
F(l)i = Fµν l
µmνi = 0. (11)
Physically, such a boundary condition can be intuitively understood as there is no outgoing
electromagnetic waves passing through the cutoff surface. Similarly as we fix the induced
metric hab on the cutoff surface, we also fix Fab|Σc, which could be regarded as the Dirichlet-
like boundary condition. Here a, b stand the components on hypersurface. Mathematically,
these equations give p + p(p+1)
2
constraints for Maxwell field and only one component is
remaining now. While we have the current conservation law DaJ
a = 0. With identification
Ja = −nµF µa on boundary[5], it gives
−DaJa = Da (nµF µa) = hαβ∇α
(
nµF
µβ
)
= F µβhαβ∇αnµ + nµhαβ∇αF µβ
= F µβKµβ + nµnβ∇αF µβ + nµ∇αF µα = 0. (12)
The perturbation of this conservation law will be presented in the appendix. It is clear that
it gives a constraint to the Maxwell field.
Based on the above analysis, we find the total degrees of freedom for gravity reduce to
those for a charged fluid. This match makes it possible to construct a duality between
the gravity and fluid. To prove this, the key procedure is to obtain the hydrodynamical
equations for a fluid from the bulk Einstein equation. This is what we intend to do in the
following sections.
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III. FROM PETROV-EINSTEIN TO NAVIER-STOKES IN CHARGED ADS
BLACK BRANE
In this section, we investigate the dynamic behavior of the geometry on a flat embedding.
Specifically, taking a timelike hypersurface in a charged AdSp+2 black brane, we impose
boundary conditions for both gravity and Maxwell fields in terms of Brown-York tensor and
electromagnetic field tensor. Then we expand the perturbations of the extrinsic curvature as
well as the Maxwell field around a large mean curvature, which in our cases indicates that the
cutoff surface approaches to the horizon of the black hole. We find that the incompressible
Navier-Stokes equation can be derived with the help of the Einstein momentum constraints.
A. Petrov-like conditions of Charged AdSp+2 black brane
The spacetime we consider here is a charged AdSp+2 black brane. Its metric reads as
ds2p+2 = −f(r)dt2 + 2dtdr + r2δijdxidxj, (i, j = 1, ...p),
f(r) =
r2
l2
− 2µ
rp−1
+
Q2
r2p−2
. (13)
Here Q is the electric charge. Take an embedded hypersurface Σc by setting r = rc such
that the induced metric can be written as
ds2p+1 = −f(rc)dt2 + r2cδijdxidxj . (14)
It is obvious that Σc is an intrinsically flat p+1 dimensional spacetime. In order to discuss the
dynamical behavior of the geometry in the non-relativistic limit, we introduce a parameter
λ which rescales the time coordinate by τ = λx0 = λ
√
fct. The induced metric on Σc then
could be written as
ds2p+1 = − (dx0)2 + r2cδijdxidxj
= − 1
λ2
dτ 2 + r2cδijdx
idxj . (15)
Moreover, we identify rc − rh = α2λ2 so that the limit λ → 0 can also be thought of as a
kind of near horizon limit[24]. Here rh is the horizon of bulk spacetime, namely, f(rh) = 0.
α is a parameter which will be fixed later. It turns out that α depends on the specific form
of the spacetime metric.
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Then we turn to the Petrov-like condition. The base vector fields taken here are
mi =
1
r
∂i,
√
2l =
1√
f
∂t − n = ∂0 − n,
√
2k = − 1√
f
∂t − n = −∂0 − n. (16)
in (7), so the Petrov-like condition becomes
C0i0j + C0ijn + C0jin + Cninj = 0. (17)
This equation may be expressed in terms of the Brown-York tensor on Σc. Its components
in the coordinate system (15) are
t = pK, tτi = −Kτi , tij = Kδij −Kij, tττ = K −Kττ . (18)
In terms of the above variables, equation (17) turns out to be
0 =
2
λ2
tτi t
τ
j +
t2
p2
hij − t
p
tττhij + t
τ
τ tij + 2λ∂τ (
t
p
hij − tij)− 2
λ
D(it
τ
j) − tiktkj
+
1
p
(Tδβn
βnδ + 2Λ + T + T00 − 2Tδ0nδ)gij − Tij. (19)
Now we need to express the energy-momentum tensor Tµν as the electromagnetic field
tensor Fµν . This will involve the rise of lower index of the p + 2 dimensional variables Fµν .
Since the Maxwell field is p + 2 dimensional, and the bulk metric is disturbed, it should
be more cautious to deal with the Maxwell field. To express the energy-momentum tenser,
we also need the behavior of the metric. Based on the method in [24], what we need is
only the near horizon metric because the boundary will approach to the horizon under the
large mean curvature limit. To control the near horizon metric, Bondi-like coordinates are
always a convenient choice. This means that we could fix grt = 1 and gri = 0 on Σc, which
is equivalent to grt = 1, gti = 0[28]. Here i is the pure space component index. With
metric (13) and (16), the boundary condition for electromagnetic field could be written as
Fti|Σc = 0 and Fij |Σc = 0. Together with constraints (11), it leads to Fri = 0 and F ti = 0.
With these constraints for Maxwell field and the specific coordinate we have chosen, F µν
and F νµ could be written as in terms of Fµν on Σc.
F rt|rc = Ftr, F ri|rc = Ftrgri, F ij|rc = 0,
F rt|rc = Frtgrr, F ri|rc = 0, F it |rc = Ftrgri. (20)
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After some straightforward calculations (see appendix A for details), the Petrov-like condi-
tion (19) can be written as
0 =
2
λ2
tτi t
τ
j +
t2
p2
hij − t
p
tττhij + t
τ
τ tij + 2λ∂τ (
t
p
hij − tij)− 2
λ
D(it
τ
j) − tiktkj
+
1
p
(
λ2fFrτFrτ + 2Λ
)
δij . (21)
So far, all the calculations are exact. Next we will disturb the Einstein-Maxwell field in
order to get the hydrodynamic equation.
B. Perturbation of Einstein-Maxwell field
Through this paper the induced metric of background is fixed such that the dynamical
variable is the extrinsic curvature. We consider the perturbations of the extrinsic curvature
on the cutoff surface. For the charged AdS black brane, it is straightforward to obtain the
components of the extrinsic curvature of Σc as
Kij =
√
f
r
δij , K
τ
τ =
1
2
√
f
∂rf,
Kτi = 0, K =
1
2
√
f
∂rf +
p
√
f
r
. (22)
The spacetime is disturbed by adding a corresponding term which has a higher order than
the background. In terms of Brown-York tensor, these are
tτi → 0 + λtτ(1)i + · · · ,
tττ →
p
√
f
r
+ λtτ(1)τ + · · · ,
tij →
(
1
2
√
f
∂rf +
(p− 1)√f
r
)
δij + λt
i(1)
j + · · · ,
t → p
2
√
f
∂rf +
p2
√
f
r
+ λt(1) + · · · . (23)
All the perturbation terms are at order O(λ1). The next key step in our formalism is to
consider the behavior of these perturbations as the cutoff surface approaches the black brane
horizon. As mentioned above, our strategy is identifying the perturbation parameter λ with
the location of the hypersurface rc − rh = x by x = α2λ2, such that the near horizon limit
can be achieved simultaneously with the non-relativistic limit. As a result, the following
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quantities should also be expanded as
1
rc
=
1
rh
(
1− x
rh
)
+ · · · = 1
rh
− 1
r2h
α2λ2 + · · · ,
f c =
(rh + x)
2
l2
− 2µ
(rh + x)
p−1 +
Q2
(rh + x)
2p−2
= bx+ cx2 + · · · = bα2λ2 + cα4λ4 + · · · ,
hij |rc =
1
r2h
(
1− 2x
rh
)
δij + · · · =
(
1
r2h
− 2α
2λ2
r3h
)
δij + · · ·
= hij(0) + hij(1) + · · · . (24)
Here the brief notes b = 2rh
l2
− 2µ(1−p)
r
p
h
+ (2−2p)Q
2
r
2p−1
h
, c = 1
l2
+ µp(1−p)
r
p+1
h
+ (1−p)(1−2p)Q
2
r
2p
h
and hij(0) =
1
r2
h
δij , hij(1) = 2α
2λ2
r3
h
δij have been used.
Now we consider the perturbations of the Maxwell field. The background field of AdSp+2
black brane is
F =
√
p(p− 1)Q
rp
dt ∧ dr = Cdt ∧ dr, (25)
where Q is the electric charge and C =
√
p(p− 1) Q
rp
. The perturbation of Maxwell field can
be written as
Frτ =
1
λ
√
f
C + F (0)rτ . (26)
There is a need to explain why we take this perturbation. The order of Frτ is O(λ
−1)
before we identify the non-relativistic limit and the near horizon limit. So the perturbation
has just a higher order than the background. This is a natural way. In order to calculate
the order of the electromagnetic field with upper index, we need to work out the order
of the inverse metric. Here we point out that under appropriate coordinates, there are
grr ∼ O(λ2), gri ∼ O(λ2), gij ∼ O(λ0), (i = 1, ...p)[28]. With these preparations, the
Petrov-like conditions (21) on Σc turn out to be order by order
λ−2 : − b
4α2
δij +
b
4α2
δij = 0, (27)
λ0 :
√
b
α
t
i(1)
j = 2h
ik(0)t
τ(1)
k t
τ(1)
j − 2hik(0)tτ(1)(j,k) +
√
b
α
t(1)
p
δij +
1
p
(
C2h + 2Λ
)
δij . (28)
Here Ch =
√
p(p− 1) Q
r
p
h
is a constant which is relevant to the background electromagnetic
field. It’s obvious that the background (λ−2 order ) satisfies this condition automatically.
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C. Navier-Stokes equation in charged AdS black brane
At last we come to the momentum constraints on Σc. Since Σc is intrinsically flat, the
momentum constraints can be written as
∂at
a
b = Tµbn
µ, (a, b = 0, ...p). (29)
The time component on the left-hand side could be expanded as
∂µt
µ
τ = ∂τ t
τ
τ + ∂it
i
τ . (30)
At leading order, there are
∂τ t
τ
τ = λ∂τ t
τ(1)
τ +O(λ
2) = O(λ),
∂it
i
τ = ∂i
(
tiµhµτ
)
= − 1
λ2
∂it
iτ = − 1
r2λ2
∂it
τ
i = O(λ
−1). (31)
The time component on the right-hand side of (29) is
T µτ nµ =
1√
f
T rτ = −
1
λf
F rρFtρ = 0. (32)
So the time component of momentum constraints at leading order turns to
∂it
τi(1) = 0. (33)
Identifying
t
τ(1)
i =
vi
2
,
t(1)
p
=
P
2
. (34)
We get the incompressible condition.
∂iv
i = 0. (35)
Then consider the space components of the momentum constraints. The left hand side could
be expanded as
∂µt
µ
i = ∂τ t
τ
i + ∂kt
k
i , (36)
At leading order
∂τ t
τ
i = λ∂τ t
τ(1)
i +O(λ
2),
∂kt
k
i = λ∂kt
k(1)
i +O(λ
2). (37)
11
The right hand side is
T
µ
i nµ =
1√
f
T ri = −
1√
f
(
F rtFit + F
rjFij
)
= 0. (38)
So the space components of the momentum constraints turn to
∂τ t
τ(1)
i + ∂kt
k(1)
i = 0, (39)
Combining with the identifying equation (34) and (28), we get
∂τvi + ∂iP +
α√
b
(
vk∂kvi − ∂k∂kvi
)
= 0. (40)
So we see that α should be fixed to be
√
b, which leads to
∂τvi + ∂iP + v
k∂kvi − ∂k∂kvi = 0. (41)
This is exact the incompressible Navier-Stokes equation in p space dimensions.
In general, the hydrodynamic equation for a charged fluid is[29]
∂τvi + ∂iP + v
k∂kvi − ∂k∂kvi = FiaJa. (42)
Here a contains i and τ . In this equation there is a term caused by the external electro-
magnetic force. However, since Fab|rc = 0 on the cutoff surface for the charged AdS black
brane, the right-hand side of the Navier-Stokes equation vanishes. In section V, we will
demonstrate that an external force does arise when the background electromagnetic field
Fab|rc 6= 0, which corresponds to hydrodynamics of a magnetofluid.
IV. FROM PETROV-EINSTEIN TO NAVIER-STOKES IN RN-ADS SPACETIME
The hypersurface in charged AdS black brane is intrinsic flat. Now let us consider an
intrinsically curved hypersurface in Reissner-Nordstrom-AdS (RN-AdS) spacetime and study
the influence of the space curvature. The bulk metric is
ds2p+2 = −f(r)dt2 + 2dtdr + r2dΩ2p,
f(r) = 1− 2µ
rp−1
+
Q2
r2p−2
+
r2
l2
. (43)
Here dΩ2p is p-dimensional spherical metric which could be written as
dΩ2 = dθ21 + sin
2θ1dθ
2
2 + · · ·+ sin2θ1 · · · sin2θp−1dθ2p. (44)
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The metric of the embedding hypersurface Σc at r = rc is
ds2p+1 = −f(rc)dt2 + r2cdΩ2p. (45)
Introducing a coordinate transformation τ = λx0 = λ
√
fct, the induced metric could be
written as
ds2p+1 = − (dx0)2 + r2cdΩ2p
= − 1
λ2
dτ 2 + r2cdΩ
2
p. (46)
The form of the extrinsic curvature is just the same as that of charged AdS black brane.
While the Newman-Penrose-like vector fields for RN-AdS take the following form
mi =
1
rsinθ1...sinθi−1
∂i,
√
2l =
1√
f
∂t − n = ∂0 − n,
√
2k =
−1√
f
∂t − n = −∂0 − n. (47)
The explicit expression of the Petrov-like condition is the same as (17).
Introducing Brown-York tensor tab = Khab−Kab, the Petrov-like condition in intrinsically
curved spacetime with matter field could be written as.
0 =
2
λ2
tτi t
τ
j +
t2
p2
hij − t
p
tττhij + t
τ
τ tij + 2λ∂τ (
t
p
hij − tij)− 2
λ
D(it
τ
j) − tiktkj
+
1
p
(Tδβn
βnδ + 2Λ + T + T00 − 2Tδ0nδ)gij − Tij − p+1Rij. (48)
Here p+1R0i0j = 0 has been considered.
Now it is needed to express Tδβ in terms of the electromagnetic field Fδβ . As have done
after (19), we choose the same coordinate and constraints for electromagnetic field. After
some similar calculations, (48) turns to
0 =
2
λ2
tτi t
τ
j +
t2
p2
hij − t
p
tττhij + t
τ
τ tij + 2λ∂τ (
t
p
hij − tij)− 2
λ
D(it
τ
j) − tiktkj
+
1
p
(
λ2fFrτFrτ + 2Λ
)
δij − p+1Rij. (49)
Here p+1Rij is only relevant to the pure space components θi and has the order O(λ
0).
Now we consider the perturbations of the Einstein-Maxwell field. Let us think about
gravity firstly. Taking Brown-York tensor as the fundamental variables, the perturbation of
gravity has just the form of (23).
Identifying rc − rh = x with α2λ2, we get the following expansion
f(rc) = 1− 2µ
(rh + x)
p−1 +
Q2
(rh + x)
2p−2 +
(rh + x)
2
l2
= bx+ cx2 + · · · = bα2λ2 + cα4λ4 + · · · . (50)
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Here b = −2µ(1−p)
r
p
h
+ Q
2(2−2p)
r
2p−1
h
+ 2rh
l2
and c = µp(1−p)
r
p
h
+ Q
2(1−p)(1−2p)
r
2p−1
h
+ 1
l2
.
The perturbation of electromagnetic field takes the same form as equation (26). At the
first non-trivial order, it gives
λ0 :
√
b
α
t
i(1)
j = 2h
ik(0)t
τ(1)
k t
τ(1)
j − 2hik(0)tτ(1)(j,k) +
√
b
α
t(1)
p
δij +
1
p
(
C2h + 2Λ
)
δij − p+1Rij . (51)
Here Ch =
√
p(p− 1) Q
r
p
h
is a constant which is relevant to the background electromagnetic
field.
Now considering the momentum constraints on Σc,
Dat
a
b = Tµbn
µ, (a, b = 0, ...p). (52)
The time component gives at leading order
Dit
τi(1) = 0. (53)
Identifying
t
τ(1)
i =
vi
2
,
t(1)
p
=
P
2
. (54)
the incompressible equation is derived
Div
i = 0. (55)
The space components of the right hand side turn out to be zero which is similar to (38).
With equations (51)(55) we get
∂τvi +DiP +
√
b
α
(
vjDjvi −DjDjvi −Rjivj
)
= 0. (56)
from the momentum constraints. Here Rji ∝ γji has been considered since the pure space
has a spherical metric. Again let α =
√
b, we get the standard incompressible Navier-Stokes
equation in spatially curved spacetime.
∂τvi +DiP + v
jDjvi −DjDjvi − Rjivj = 0. (57)
Compare to the situation of intrinsic flat hypersurface, the hydrodynamic equation in
intrinsic curved hypersurface has an extra term which is relevant to the Ricci tensor of
the boundary. Similar to the case of charged AdS black brane, the electromagnetic has no
influence on the hydrodynamic equation. This is a natural result because of the boundary
conditions we have taken. Fab|rc = 0 isolate the influence of the electromagnetic field and
lead to the incompressible Navier-Stokes equation.
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V. THE SITUATION OF MAGNETIC REISSNER-NORDSTROM BLACK HOLE
In previous sections, the background electromagnetic field on the cutoff surface vanishes.
This leads to the incompressible Navier-Stokes equation in the first non-trivial leading order.
Now we consider a 4-dimensional magnetic black hole with metric
ds2p+2 = −f(r)dt2 + 2dtdr + r2dΩ2p,
f(r) = 1− 2µ
rp−1
+
P 2
r2
. (58)
Here P is the magnetic charge and the electromagnetic potential is
A = P cos dφ. (59)
So the electromagnetic field tensor F = −P sin θdθ ∧ dφ. The space component is no longer
zero. It is expected that this term will lead to the external electromagnetic force in the
Navier-Stokes equation at last. F µν and F µν could be written in terms of Fµν on Σc as
F rt|rc = Ftr, F ri|rc = Ftrgri + Fkjgjigkr, F ij|rc = Flkgkjgli,
F rt|rc = Frtgrr, F ri|rc = Fkigkr, F it |rc = Ftrgri. (60)
With the method in section IV, the Petrov condition takes the form
0 =
2
λ2
tτi t
τ
j +
t2
p2
hij − t
p
tττhij + t
τ
τ tij + 2λ∂τ (
t
p
hij − tij)− 2
λ
D(it
τ
j) − tiktkj − p+1Rij
+
1
p
(
λ√
f
FrτFkig
krgri − 1
f
FljFkig
krglrgji + λ2fFrτFrτ − 1
2
FijFlkg
ilgjk + 2Λ
)
δij
+FlmFjkg
ilgmk. (61)
Next we should think about the perturbation of Einstein-Maxwell field. The perturbation
of gravity has just the form of (23), but the perturbation of Maxwell field now should take
the following form
Frτ = F
(0)
rτ +O (λ) (62)
since the background value of Frt is zero. Similar to the situation of RN black hole, we have
the expansion near horizon
f(rc) = 1− 2µ
rh + x
+
P 2
(rh + x)
2
= bx+ cx2 + · · · = bα2λ2 + cα4λ4 + · · · , (63)
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where b = 2µ
rh
− 2P 2
r3
h
and c = −2µ
r2
h
+ 3P
2
r3
h
. At the first non-trivial leading order O (λ0), the
Petrov-like condition gives
√
b
α
t
i(1)
j = 2h
ik(0)t
τ(1)
k t
τ(1)
j − 2hik(0)tτ(1)(j,k) +
√
b
α
t(1)
p
δij − p+1Rij
+
1
p
(
1
2
FijFlkg
il(0)gjk(0) + 2Λ
)
δij + FlmFjkg
li(0)gmk(0). (64)
Now we come to the momentum constraints. It is easy to show that the time component
still gives the incompressible equation Div
i = 0 under identification (34).
However, the space components of the momentum constraints turn out to be different to
the previous results. The left hand side of the momentum constraints still gives the form
the same as previous section. The right hand side gives
T
µ
i nµ =
1√
f
T ri = −
1√
f
F rjFij . (65)
Since F ri|rc = λ
√
fFτrg
ri + Fkjg
jigkr ∼ O (λ2), the order of the right hand is O (λ) in the
near horizon limit. With identification −nµF µa = Ja, we get the external electromagnetic
force term FijJ
j . Again let α =
√
b, the first order of the space components turns to be the
standard incompressible magnetofluid equation
∂τvi +DiP + v
jDjvi −DjDjvi − Rjivj = FijJ j. (66)
This is the expected form as equation (42), where the external force term comes from the
background electromagnetic field on the cutoff surface.
VI. SUMMARY AND DISCUSSIONS
In this paper we have generalized the framework presented in [24, 26, 27] to a spacetime
with matter field. We have demonstrated that with the help of Petrov-like condition and
Einstein-Maxwell constraints, the incompressible Navier-Stokes equation can be derived for
a charged fluid living on the cutoff surface which is embedded into a charged AdS black
brane, RN-AdS black hole and magnetic black hole respectively. During the derivation im-
posing appropriate boundary condition for the Maxwell field is crucial. In order to find a
suitable boundary condition, we use the result of initial boundary value problem of Einstein
system and Maxwell system. This also give us a guideline for searching boundary condition
16
of general matter field. This also give us another way to understand the gravity/fluid corre-
spondence in terms of the evolution of partial differential equations. Since the background
electromagnetic field on the cutoff surface is fixed , the matter field does not generate extra
contributions to the incompressible Navier-Stokes equation in the charged AdS black brane
and RN-AdS spacetime due to the fact that Fab|rc = 0. However, for a black hole with
magnetic charge, the background electromagnetic field on the cutoff surface is not zero, its
coupling with charges of the fluid contributes an external force term to the hydrodynamic
equation.
Now the holographic character of Petrov-like condition has been further disclosed in the
spacetime with electromagnetic field. We conjecture that it should be a universal method
to reduce the Einstein equation to the Navier-Stokes equation for a general spacetime in the
presence of a horizon.
In this paper, the correspondence between gravity and fluid is feasible at the near horizon
limit, while with the method of directly disturbing the bulk metric, the Navier-Stokes equa-
tion can be derived on arbitrary finite cutoff surface. So we wonder whether the method
in this paper can be applied to the non-near horizon limit. This might be taken as further
investigation.
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Appendix A: Calculations of the energy-momentum tensor of electromagnetic field
Now we will show the concrete details that how to get equation (21) from (19). By
definition
Tµν =
1
4
gµνFρσF
ρσ − FµρF ρν ,
17
we have
Tµνn
µnν =
1
4
FρσF
ρσ − F µρF νρnµnν =
1
4
FρσF
ρσ − 1
f
F rρF
rρ,
T =
p− 2
4
FρσF
ρσ,
T00 =
1
f
Ttt = −1
4
FρσF
ρσ − 1
f
FtρF
ρ
t ,
Tδ0n
δ = T δ0nδ = T
r
0nr =
1
f
T rt = −
1
f
F rρFtρ,
T ij =
1
4
δijFρσF
ρσ − F iρFjρ.
The second line of equation (19) then turns to
1
p
(Tδβn
βnδ + 2Λ + T + T00 − 2Tδ0nδ)δij − T ij
=
1
p
(−1
2
FρσF
ρσ − 1
f
F rρF
rρ + 2Λ− 1
f
FtρF
ρ
t +
2
f
F rρFtρ)δ
i
j + F
iρFjρ.
With equation (20), it is easy to work out
−1
2
FρσF
ρσ = −1
2
(
FrtF
rt + FtrF
tr + FijF
ij
)
= FrtFrt,
−1
f
F rρF
rρ = −1
f
(
F rtF
rt + F riF
ri
)
=
1
f
FrtFrtg
rr,
−1
f
FtρF
ρ
t = −
1
f
(
FtrF
r
t + FtiF
i
t
)
= −1
f
FtrFtrg
rr,
2
f
F rρFtρ =
2
f
F riFti = 0,
F iρFjρ = F
ikFjk = 0.
So we have
1
p
(Tδβn
βnδ + 2Λ + T + T00 − 2Tδ0nδ)δij − T ij
=
1
p
[2Λ + FrtFrt]δ
i
j
=
1
p
[λ2fFrτFrτ + 2Λ]δ
i
j .
Considering the perturbations of electromagnetic field
Frτ =
1
λ
√
f
Ch + F
(0)
rτ .
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We finally get
1
p
(Tδβn
βnδ + 2Λ + T + T00 − 2Tδ0nδ)δij − T ij
=
1
p
(C2h + 2Λ)δ
i
j +O(λ).
The situation of RN black hole and magnetic black hole are similar.
Appendix B: Hamiltonian constraint of charged AdS black brane and RN-AdS
spacetime
The Hamiltonian constraint is
p+1R +KµνKµν −K2 = 2Λ + 2Tµνnµnν .
In terms of tab = Khab −Kab, it turns to
p+1R + (tττ )
2 − 2h
ij
λ2
tτi t
τ
j −
t2
p
+ tijt
j
i = 2Λ + 2Tµνn
µnν .
The second term on the right hand side
2Tµνn
µnν =
1
2
FρσF
ρσ − 2
f
F rρF
rρ
=
2
f
FrtFrtg
rr − FrtFrt
=
2
f
(
λ2fFrτFrτg
rr
)− λ2fFrτFrτ
= (
2
f
grr − 1)C2h +O(λ)
= C2h +O(λ).
Hamiltonian constraint at order λ−2 is automatically satisfied:
p
4λ2
− p
4λ2
= 0.
In charged AdS black brane, the subheading order λ0 gives
−tτ(1)τ − 2hijtτ(1)i tτ(1)j −
pb
rh
= 2Λ + C2h.
In RN-AdS, the subleading order λ0 gives
p+1R− tτ(1)τ − 2hijtτ(1)i tτ(1)j −
pb
rh
= 2Λ + C2h.
Here p+1R is the scalar curvature of the hypersurface.
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Appendix C: Current conservation law
DaJ
a = 0⇐⇒ ∂a
(√
−hJa
)
= 0.
Since gri ∼ O(λ2), and
Jτ = nrF
rτ = λ2
√
fFτr = λC + λ
2
√
fF (0)τr ,
J i = nrF
ri = λ
√
fgriFτr = g
riC + λ
√
fgriF (0)τr .
The first non-trivial leading order gives
∂τF
(0)
τr = 0.
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